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Polinomial dastalarda bas operatorun spektrinin ixtiyari yerlosmasi
Xiilaso

Elmi is, polinomial operator dostolorindo bas operatorun spektrinin ixtiyari yerlogmaosi
probleminin todqiqine hasr olunmusdur. Operator dastalarinin spektral nozariyyasi funksional analiz
v riyazi fizikanin mithiim sahslorindon biri olub, diferensial vo inteqral tonliklorin hallinde genis
totbiq olunur. Operatorun spektri onun moxsusi qiymatlorindon ibarat olub, operatorun struktur vo
dinamik xtiisusiyyatlorini miioyyan edon osas anlayislardan biridir.

Isdo polinomial operator dostoleri iiciin spektral xiisusiyyotlor arasdirilmis, bas operatorun
spektrinin kompleks miistovido ixtiyari sokildo yerlosmaosi tigiin kafi sortlor miioyyon edilmisdir.
Todgigat zaman1 operator dostalorinin spektral xassolori, moxsusi gqiymot vo moxsusi vektorlarin
davranisi, homginin, spektral ayrilis vo spektral parametrdon asililiq masalalori dyronilmisdir.

Arasdirmada gostorilmisdir ki, miioyyon sortlor daxilinds polinomial operator destalorinin spektri
kompleks miistovido oavvalcodon verilmis g¢oxluglarda yerlosdirilo bilor. Bu naticolor operator
dostalorinin spektral nozoriyyasinin inkisafina tohfo vermoklo yanasi, diferensial operatorlarin vo
riyazi fizika modellorinin spektral analizindo do miihiim rol oynayir. Spektral problemlor hom diiz,
hom do tors spektral mosalalorin dyronilmasinds asas metodoloji baza rolunu oynayir.

Alinmis noaticalor operator nozoriyyosi, diferensial tonliklor nozoriyyesi vo riyazi fizikanin
miixtalif problemlarinin hallinds totbiq oluna bilar.

Acar sozlar: polinomial operator dastasi, bas operator, spektr, spektral analiz, maxsusi qiymat,
operator nazariyyasi
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Arbitrary Placement of the Spectrum of the Leading Operator in Polynomial
Operator Pencils

Abstract

Scientific work is devoted to the study of the arbitrary placement of the spectrum of the leading
operator in polynomial operator pencils. The spectral theory of operator pencils is one of the important
areas of functional analysis and has wide applications in the theory of differential equations and
mathematical physics. The spectrum of an operator, which consists of its eigenvalues, is one of the
fundamental concepts determining the structural and dynamic properties of operators.
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In this work, the spectral properties of polynomial operator pencils are investigated and sufficient
conditions for the arbitrary placement of the spectrum of the leading operator in the complex plane
are established. The study examines the behavior of eigenvalues and eigenvectors, spectral
decomposition, and the dependence of spectral characteristics on parameters within operator pencils.
It is shown that under certain conditions the spectrum of polynomial operator pencils can be
located in previously specified subsets of the complex plane. The obtained results contribute to the
development of spectral theory of operator pencils and can also be applied in the spectral analysis of
differential operators and various models of mathematical physics.
The results obtained in this research may be used in operator theory, the theory of differential
equations, and in solving various problems arising in mathematical physics.
Keywords: polynomial operator pencil, leading operator, spectrum, spectral analysis,
eigenvalues, operator theory
Giris
Operatorun spektri anlayisi, operatorun maxsusi qiymatlorini vo onlarin yerlosma xiisusiyyatlorini
ohato edir. Spektrin kompleks miistovido yerlogsmasi operator dostolorinin davranisini, sabitliyini vo
hallorin strukturunu miioyyan edon osas amillordondir. Buna goro do bas operatorun spektrinin ixtiyari
sokilds yerlosmasi probleminin dyronilmasi spektral nazoriyyonin mithiim masalalorindon biri hesab
olunur. Operator dostolorinin spektral nozariyyasi funksional analiz vo riyazi fizikanin miihiim
saholorindon biri olub, diferensial vo inteqral tonliklorin hollindo genis totbiq olunur. Operatorun
spektri onun moxsusi qiymatlorindon ibarat olub, operatorun struktur vo dinamik xiisusiyyotlorini
miloyyon edon osas anlayislardan biridir. Bu masolo ilo bagli miioyyon arasdirmalar aparilmis
(Dzhabarzade, 1964; Dzhabarzade, 2004; Dzhabarzade, 1999; Dzhabarzade vo Salmanova, 2015;
Gasymov, 1971; Keldysh, 1971; Salmanova, 2010), ciddi elmi naticolor (Dzhabarzade, 1998;
Dzhabarzade, 1999; Gasymov, 1972; Salmanova, 2010; Salmanova, 2009) oldo edilmisdir.
Tadgiqat
Seperabel Hilbert H fozasinda

L(?\,) = 14U + kA]B + }\,ZAsz +...+ }\,nilAn_an—l + 7\’an (1)

operator destosine baxilir. Burada, 4 , B operatorlart H, A € C fozasinda tosir edir vo tamamilo

kasilmaz operatorlardir.
(1) dostasinin A’ moxsusi giymotino uygun olan 6z-6zilino qosma moxsusi vektorlarin kanonik

sistemi dedikds, asagidaki xassalori olan (Z(k) )w 5 k= 1,2,. .. elementlor sistemi basa diistiliir:

i =1,
k) . 0 . L.
a) Zf) elementlori, M (}\, ) moxsusi altfozanin bazisini yaradir;

b) z{" - tortibi, maksimum D, +1 olan moxsusi vektordur;
c) z®. Z0 geees "™ vektorlart ilo xatti ifada olunmayan vo tortiblori comi maksimum p —+ 1
0 0 0 k
olan moxsusi vektordur;
k) \* . . ve e o] e . s .
d) (Z( (k = 1,2,) sistemindon gotiiriilmiis xatti asili olmayan z" yoeey Z ) elementlori,
i =l 0 0

hor bir qeyd olunmus k, k=1,2,....s qiymotlorde 6z-6ziina qosma vektorlarin zoncirini amolo

gotirir. p, + p, +...+ D, +1 comino, A’ moxsusi adodinin tortibi deyilir.

Tutaq ki, B normal operatordur, KerB ={0}. B operatorunun xarakteristik ododlarinin

(moxsusi adadlara tors olan adadlor) modulunun artan ardicilli@ini e ilo isaro edok. B operatorunun
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xarakteristik ododlorinin, modulun artimina uygun olan moxsusi vektorlarin tortibino uygun
nomralondiyini qobul edok.

Tamamjlo kesilzlaz rj)rmal B operatoru  vo p{> ?olduqda B alt  operatoru  iigiin

p ipd i0;

J = i ?

P
B f = ]Zl: pje f,(pi 0, basa diisiiliir. Burada, T B 0perat0runun7\. ;= p.e

(9/. <2m ) moxsusi qiymatlorine uygun olan moxsusi vektorlarinin ortanormal ardicilligidir.

Teorem 1. Tutaq ki, asagidaki sortlordon heg olmasa biri 6danilir:

_D
DO0<p< 2,1im ke, 2 =0, AZB_ P operatorlari mohduddur.
k—0
»
2)0 < p<l, hm kuk2 < 0, AzB_ P operatorlar tamam kosilmozdir.
g=v

Onda (1) dostosinin miixtolif moxsusi qiymatlorini bhn ﬁoo ardicilhiginda elo yerlogdirmok olar

ki, hor hansi artan natural odadlor ardiciligi vo  f, e R, sortini 6doyon /., 1:---:f
n—1
elementlori iiciin
o0 |( n;—1 mk},—IPSk_1 (k) (k)\\|
.= a Z .
fj= L L LayZ
=0\ %=1 s=0 r=0
boraborliyi var, burada p Sk -miixtolif moxsusi funksiyalarin sayi, My ™ Z, moxsusi
funksiyasmin qathigidir. {Z (Oks;c } Ar moxsusi odadine uygun kanonik sistemdir.
_r
isbat. |im kp, 2 =0 sorti gostorir ki, elo s, natural odadler ardiciligs vardir ki,
k —o0
1_P
2
Sk % .ty
Iim—— =0 &donilir. Gésterak ki, ]y —— =0 sertindon |im — 0 alinir. Dogurdan
p p
k—o k—o K —>o0 Autk
ne T
Sk Sk
P P |( p p|\
da, tutaq ki, 2 —p?=max ' p2 -pbh (po = 0),
1 +1 tk i+1 i

0<i<sj —1\
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l“ltk+1 1
AL =p  —W . Belki, Fheo —> o0, onda [ M _ 2 Belolikls,
A f+l f H k—)oof p l p
4 2
Mtk +1 1
p
2
Mtk
Mtk +1 1
Sk Sk 1 Htk ) Mtlk—p
AR R VRN R S i e
Ms S W - Ml‘ | o8 - U -1 MY
B L t +1 k t +1 % , Au e+l |
Htk Tk p
2
M

1P

2
almir. Axirier ifadadon iso hmJ“LL =0 oldugu aliir. Ogor teorem 1- b) sorti ddonilorsa,

k— Al’ttk
S
yoni hm—kp < 00 olarsa, onda asagidaki qiymotlori alariq:
k— E
&IL_] _1 12
S S 1 l,l, 9) “ 2
k k — I 2
00 > —k > . g\]_ 7 7= -ﬁzﬁﬁf;ﬁ,
woosfpe —rflopt et
Sk k t+1 tk) i +1 U “2 AH —tk_;—l —1 |
Ik 23 >
w
o4

1—-

Bu iso o demokdir ki, hm‘wk* <0,

k—o0 Autk
Tutaq ki, X ; L(?\,) operatorunun moaxsusi vektorudur, onda asagidaki boraborliklor sistemi
Odoninlir:
x =Ax +Ax +Ax +..+A4A x +AB x
0 0 0 11 2 2 n—1  n-1 n—-1 n-1

x, = ABx,

x, = ABx, )

x,, =ABx_,
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H fozasmin 7 sayda tokrarinin diiz comindo, yoni, /{ fozasinda (2) sistemi
x = Ax+ ABx (3)
tonliyinin komaokliyi ilo yazilir, 4 vo B operatorlar1 iso operator matrislorin komoyi ilo verilir:

(a a4 A 0 0o o . B)

0O E 0 ()7 . B 0 0 0
Z=| o o £E£ . 0. |’ B={0 B 0 .. 0
0 0 0 EJ 0 0 0O .B 0

B+
FK qapalt konturlara baxaq. Bunlar, 0~ _ JfoJLﬂ (k =1,2,...) radiuslu evrolordir. Belo
ki, B operatoru, hor bir ker B = {6} liclin tamamilo kosilmoz normal operatordur. Onda onun
moxsusi vo qosulmus vektorlar sistemi H fozasinin bazisini yaradir. ker B = {e}sartindan alinir
ki, KerB= {0} Oksini forz edok: tutaq ki, KerB# {9} Onda elo sifirdan forqli
x=(x,x,....,x ) € H element var ki, Bx={0} olur. Bu halda, heg olmasa bir sifirdan farqli
1 2 n

x € H,1<i<n element iigin Bx =0 boraborliyi sdonmolidir. Bu iso miimkiin deyildir,
¢iinki KerB = {0}

sorting ziddir. (3) tonliyina

( 0 B 0 0
o 0 0 pi 0
B=L0o 0 0 0 |
. . .. B

(B" 0O 0 .. 0

—-1
normal operatoru ilo tosir edok. B operatorunun moxsusi giymatlori teoremin sortlorini 6doyir
- ' e T —-1
vo KerB = {9}.Indi B -B A4 operatoruna baxaq, burada B , asil1 olmayan (bas) hissa
—1— —-1
, B A iso, B operatorundan asil1 olan hissadir.

Asagidaki boraborlik dogrudur

(3 5 a-25) =(3'-25) (z-34(3" -22) )"
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Buradan, alinir:
— 11— f—

B A(B XE) B 'A)B )" B )" B -rE)"
A

H_‘_B _AE H ‘B AHmaX
hi=A

Tutaq ki, teoremin a) sorti ddanilir. P\, ’_|> N q)lduqda I ()\, el k) konturlarinda aliriq:

Ap
+ (A= L (-
B e A" TW "M, 2
A=A =) A, =2 A,
Belolikla, [ | > x| vwhel, k=12,.. olduqda

1 _ P\,i‘l_p <2M1f_p
A=A R =T A

borabarsizliyi 6denilir. Bgor 1 < p < 2 olarsa, onda biitiin Ael . qiymatlori iigiin asagidaki
ifado dogrudur:

! < — 11 ,
1 ')i‘ ‘Kir‘l—ki‘

h

p-1

burada A -kompleks adaddir vo modulu ‘7\,,“9 borabardir.
1 1

Indi — . ifadosinin on bdylik qiymatini tapaq. Bunun tiglin ——— ifadasi ilo

M- M-

1 _
list-listo diison f (X) = ‘ , (}.ll <x< ka) funksiyasina baxaq. Burada, X = ‘7\,1‘ .
- —X )
x? ldk

f(x) funksiyas, X, néqtesinde dziiniin on kigik qiymetini alir. Biitin K -lar iigin K =I-don

baslayaraq asagidaki ifado 6donilir:

b, <x, <

112
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Onda M5 p—1 ‘7\’ parcasinda funksiya azalrr, P —1 A > 1 pargasinda iso artir. Belo
- [

i | P | P
ki, f(Ml)z i )’ f(le )_ ,,1( \Zzutkp,
\TM —H \p\“ Mzk AM%

3 A3 XE)H <a,

Bu zaman 1 < p < 2 olduqda ,0< p<l

Au

B A(B 7\~E)1H <2 g + KM ,(}h el k) aliriq.OL1,0L2 ododlori K

olduqda iso

-dan asil1 deyildir. Noticado aliriq ki, 0 < p < 2 olduqda alariq:

<oc{ﬂi+&p_+ﬂ_j}(7»el“) @)
P:—_jg —KE\dK, P=-1 j{B -8B A- XE\dX

27[1 Tk

[t )]

2TCi ¥

operatorlarin1 gotiirok. Burada, 1),{— B operatorunun biitiin moxsusi qiymatlorino uygun

— —- —-1—
moxsusi altfozasina ortoqonal proyeksiyalanmigdir, Pi-iso B — B A operatorunun biitiin
moxsusi qiymatlorino uygun koklii altfozasina ortoqonal proyeksiyalanmigdir.

(8'-1£) - (8'-8-4-1E) - 4
GI—XE) (78 xE)(E BA(B XE)) (5)

(B--\E) B AT(B kE) (E-B AB '-\E)'Y

(1)-o goro alirq ki, agor k — o olarsa, onda

— -1

B operatorunun moxsusi altfozalarint  ortoqonal comina otroqonal proyektoru Qk ilo,
-1 -1

B -B A4 operatorunun koklii altfozalarinin diiz comino ortoqonal olan proyektoru iso Q ilo
k

2
isaro edok. Onda hor zaman elo Fk konturlar ardicillig1 gotiirmak olar ki, A< 1 olsun.

I

Basqa sozlo, B -B A operatorunun kok vektorlar s1stem1 H fazasinda altfozalardan ibarat Bari

bazisi amalo gatirir. Buiso o demakdir ki, teorem, B —B A operatoru iigiin dogrudur. Yoni, isbat
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-1 -1 o
etdikki, B —B ~A operatorunun moxsusi qiymotlorini {7\,}1}1 ardicilliginda els yerlosdirmak olar

ki, hor hansi {I’l } ; (Tl = 1) artan natural adadlor ardicillig1 tiglin

Joj=1 o

% =6 (1 )o.ec ()

A+\LB A+\LB

altfozalar ard_llcllhg_l1 H fozasinda Bari bazisi miioyyon edir.

Teoremin B —B A operatoru ii¢lin dogrulugu, onun A+ AB — Ki.operatom iiclin do
Odonildiyini gostorir.
(1) boraborliklor sisteminden alinir ki, 4 + AB —AE operatorunun A moxsusi qiymatina
uygun olan X = (x 5 X seen X ) moxsusi vektorunun birinci koordinati, LO\.)
0 1

n—1

operatorunun homin moxsusi giymotine uygun olan X j moxsusi vektoru ilo tist-iisto diisiir.

Onda ixtiyari y = (yo s Vo )E D . element tigtin
B

()
i=1 kk:n,q s=0 r=0 )
ayrilisinin monasi vardir. Burada, JV,, = (yo o yl(ks)r 5 ,yn Ler )E H vektoru, 7\, moxsusi

—*)
adading uygun olan ), moxsusi vektora § -inci qosulmus vektordur.

Noatica

Isdo operator dostolorindo bas operatorun spektrinin yerlosmosi mosalasi arasdirilmis vo onun osas
spektral xiisusiyyatlori dyronilmisdir. Homginin, operator dostolorinin spektral nazoriyyasino aid osas
anlayislar tohlil edilmis, bas operatorun spektrinin kompleks miistovido yerlogsmasini miioyyon edon
sortlor nozordon kegirilmisdir. Bu naticolor operator dastolorinin spektral nazoriyyasinin inkisafina
tohfo vermoklo yanasi, diferensial operatorlarin vo riyazi fizika modellorinin spektral analizindo do
mithiim rol oynayir. Spektral problemlor hom diiz, hom do tors spektral masalalorin dyronilmosindo
osas metodoloji baza rolunu oynayair.

Alinmis noticolor operator nozoriyyosi, diferensial tonliklor nozoriyyesi vo riyazi fizikanin
miixtalif problemlorinin hallinds totbiq oluna biler.
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